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Abstract 



In this paper, we study a subelliptic heat kernel on the Lie group SL(2, R). The subelliptic 
structure on SL(2,R) comes from the fibration S0{2) SL(2,K) — + iJ^. First, we derive 
an integral representation for this heat kernel. This expression allows us to obtain some 
asymptotics in small times of this heat kernel and gives a way to compute the subriemannian 
distance. Then, we establish some gradient estimates and some functional inequalities like a 
Li-Yau type estimate and a reverse Poincare inequality. 
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1 Introduction 



The goal of this work is to study a particular subelliptic structure on the Lie group SL(2,M). 
The structure we study is coming from the fibration: S0{2) — > SL(2,M) — > where is 
the 2-dimensional hyperbolic space. In this fibration the metric on SL(2,R) is the one inherited 
from the Killing form and is Lorentzian of signature (2,1). The restriction of this metric to 
the horizontal distribution is of signature (2,0) and gives the subellipitic structure (see [23] 
for more details). This space SL(2,M) can be proposed as the model space of a negatively 
curved 3-dimensional subriemannian manifold. To be more precise, it should be proposed as the 
model space of a 3-dimensional CR-manifold with vanishing pseudo-Hermitean torsion (Sasaki 
manifolds) and with constant negative curvature (see [llj for an account on CR-manifolds). 
This work is coming after some analogous studies on the Heisenberg group and on the canonical 
subelliptic Lie group SU(2). The subelliptic structure on this last group is very similar to the 
one studied here. The Heisenberg group plays the role of the Euclidean space in this geometry 
whereas SU(2) stands for the positively curved model space. As we will see it in the sequel, 
these three structures share a lot of results in common. 

The precursor work before the study of the Heisenberg group is due to by Levy who studied 
the area swept out by a two dimensionnal Brownian motion [21]. After that, the study of the 
heat kernel on the Heisenberg group began really with Hulanicki [17j and Gaveau [13]. In [13j . 
Gaveau established an integral representation of the heat kernel which is now known as the 
Gaveau formula. This enabled him to obtain some asymptotics in small time of the heat kernel 
and even, more recently, with Beals and Greiner, to obtain some optimal bounds for the heat 
kernel (see [9] and also [22]). Recently, the focus was on obtaining functional inequalities and 
gradient estimates on this group. For example, a subcommutation between the gradient and the 
semi-group were derived in [12], [22] and [3]. 

In [8j, a study of the subelliptic heat kernel on SU(2) was done. Our study here is very closed to 
this one since the structures are very similar. Using the isomorphism between SU(2) and the 3- 
sphere S^, the autors managed to obtain an integral representation of the heat kernel on SU(2). 
This representation is based on the relations between the sublaplacian and the classical Laplace- 
Beltrami operator on S^. Therefore the integral representation makes appear the classical heat 
kernel on S"^. Here on SL(2,]R), even if SL(2,M) and the 3-dimensional hyperbolic space are 
not isomorphic, it is still possible to obtain an integral representation of the heat kernel in which 
the classical heat kernel on appears. In fact, here on SL(2,R) there is a relation between 
the sublaplacian and the Casimir operator (see remark [33]) , but we do not really use it to prove 
the integral representation of the heat kernel. 

With this formula we are able to obtain some asymptotics in small time of the heat kernel, some 
ultracontractive bounds, a way to compute the subriemannian distance and the convergence of 
this diffusion towards the one on the Heisenberg group. We are also able to derive some gradient 
estimates and some functional inequalities like a Li-Yau type estimate and a reverse Poincare 
inequality and some isoperimetric inequalities. These inequalities are also valid on H and SU(2) 
(see [3], [5] and [8]). 

This paper is divided in three parts. In the first one, we recall some basics facts about the Lie 
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group SL(2,]R) and express the coordinates we will use in the sequel. In the second one, we 
derive the integral representation of the heat kernel and give its consequences. In the last one, 
we establish some gradient estimates and some functional inequalities for the heat kernel. 

2 Preliminaries on SL(2,]R) 

The Lie group SL(2) is the group of 2 x 2, real matrices of determinant 1. Its Lie algebra s[(2) 
consists of 2 X 2 matrices of trace 0. A basis of 5l(2) is formed by the matrices: 




for which the following relations hold 

[X, Y] = 2Z, [X, Z] = 2Y, [Y, Z] = -2X. (2.1) 

We associate to these matrices the left-invariant vector fields they generate, which we still denote 
by the same letters. For example, for a smooth function / on SL(2,R) and g £ SL(2,M): 

Xif ){g) = lim^ (/(5.exp(tX)) - /(g)) . 

Below we will see the expressions of these vector fields in some coordinates. 

Now we consider on this Lie group the left-invariant, second order differential operator 

L = X^ + Y^ 

as well as the heat semigroup 

Pt = e*^ 

Due to Hormander's theorem and the structure of the Lie algebra (j2.ip . the operator L is 
subelliptic. Therefore the heat semi-group {Pt)t>o admits a smooth density with respect to its 
invariant measure. 

The operator is subelliptic but not elliptic so that the associated geometry is not Riemannian 
but only subriemannian. The notion of distance associated to the operator L is given by 

^(91,52) = sup{| f{gi) - 7(5(2) 1} 
fee 

where C is the set of smooth maps SL(2,M) R that satisfy (Xff + (Yff < 1. Via Chow's 
theorem, this distance can also be defined as the minimal length of horizontal curves joining two 
given points (see Chapter 3 of 0). This distance is called the Carnot-Caratheodory distance. 
To study L, we introduce the cylindric coordinates: 

(r, 6, z) exp (r cos 9X + r sin 9Y) exp(2Z) 

/ cosh(r) cos(z) -|- sinh(r) cos(0 -|- z) cosh(r) sin(2;) + sinh(r) sin(0 + z) 
\ — cosh(r) sin(2;) -|- sinh(r) sin(0 + z) cosh(r) cos(2;) — sinh(r) cos{9 + z) 
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with 

r > 0, 6* G [0,27r], z G [-7r,7r]. 

These coordinates are the equivalent in our context of the ones which were used in [8] to study 
a similar subellpitic operator on the Lie group SU(2). 

Simple but tedious computations show that in these coordinates, the left-regular representation 
sends the matrices X, Y and Z to the left-invariant vector fields: 

d ... / I .\5 

tanhr-— 



X = cos(6l -^Iz)- sin(6' -h 2z) tanhr— -h tanhr — 

or \ dz \ tanhr / oO 

d ( d ( \ \ d\ 

Y = sm(9 + 2z)— + cos(9 + 2z) tanhr— + ; tanhr) — 

or \ dz \ tanh r ) '^^ ) 



^ dz 



We therefore obtain 



+ 2 coth 2r— + tanh^ r— r H ^ — —7 + [l - tanh^ r) 



dr"^ dr dz"^ sinh^ 2r dO"^ dddz ' 

The invariant and, in fact, also symmetric measure for L is then given (up to a constant) by 

dn = — drdddz. 

^ 2 

The choice of the constant is made to obtain a good convergence towards the Lebesgue measure 
of M'^ which is the invariant measure for the Heisenberg group (see section [33]) • Recall the group 
SL(2, M) is unimodular and note that the invariant measure /U coincides with the bi-invariant 
Haar measure of the group. Note also that L commutes with ^ and with From the 
commutation with we deduce that the heat kernel (issued from the identity) only depends 
on (r, z). It will then be denoted by pt(r, z). 

3 The subelliptic heat kernel 

3.1 Integral representation of the kernel 

Let us consider the second order differential operator on the interval [l,oo) 

dx-^ dx 

with invariant and symmetric measure (x^ — 1)-^/^^ j^^ jg known (see |26j ) that the heat 
kernel sj associated to J issued from 1 has the following expression for x > 1: 

e"* / archx \ _(ar£!H)i 

= (4^ 17P=tJ ' • ^'-'^ 
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That is, for / a smooth function [1, oo) M, 

/oo 
st{x)f{x){x'-l)'/'dx. 

It is clear the function x (archx)^ admits an holomorphic extension to C — {]cxd, 1]}; but 
in fact, using Schwarz symmetry principle, we can see that this extension is holomorphic on 
C — {]oo, —1]}. Therefore this is the same for its derivative: x — > -^0=. So the heat kernel st 
itself admits an holomorphic extension to C — {]oo, —1]}. By setting x = cosh r,r > 0, we have 



This heat kernel corresponds in fact to the one on the 3-dimensional hyperbolic space. 
Now easy calculations give us that st satisfies the following expressions: 

dtSt{coshr cos z) = Ai(st(cosh r cos z)) (3-4) 

where Ai = d^^ + 2 coth 2rdr + (tanh^ r — ^ and 

dtSt{coshr coshy) = A2 (st (cosh r cosh y)) (3-5) 

where A2 = df.^^ + 2 coth 2rdr + (1 - tanh^ r)d^ y. 

Ai and A2 are two self-adjoint operators respectively on (0, 00) x [— vr, n] and on (0, 00) x (0, 00) 
with respective symmetric measure ^^^^"^^ drdz and ^'"^ "^^ drdy. Ai is a hyperbolic operator 
whereas A2 is an elliptic operator. For a geometric interpretation of Ai, see remark [3.41 

Lemma 3.1 If f is a smooth function (0, cxd) x (0, 00) M, then for t > 0, 

(e*^^/)(0) = - / / (cosh r cosh y)/(r, y) sinh 2r(ir(iy 
2 Jr>0 Jy>o 

Proof. Indeed we saw that st satisfies the equation: 

5j St (cosh r cosh y) = A2 (s^ (cosh r cosh y)). 

Now we must check the initial condition and show that for a smooth function /: (0, 00) x 
(0,00) ^M: 

- / / St (cosh r cosh y)/(r, y) sinh 2r(irdy 
2 Jr>0 Jy>0 

Since we will make the following change of variables: 

u = cosh r cosh y 
V = cosh r sinh y 

we take the function / of the form f{r,z) = (/(cosh r cosh z)/i(coshr sinh z). The new domain is 
D = {{u,v),u > 1, w > 0, — f ^ > 1} and the Jacobian determinant is ^sinh2r. So 

f f smh 27" 

/ / st(coshr cosh y)5f(coshr cosh y)/i(coshrsinhy) drdy 

Jr>Q Jy>0 2 

st{u)g{u)h{v)dudv 

«(l-«2)l/2 \ 

h{v)dv St{u)g{u)du 
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We may rewrite it as 

Ju>l 

where I is the continuous fonction 



l{u) = g{u) 



(n2 - 1)1/2 



Now, since st is the heat kernel of a diffusion issued from 1 with respect to the measure (n^ — 
ly^'^du and / is continuous, the last quantity is converging towards 1(1) = g{l)h{0) = /(0, 0) 
and the lemma is proved. □ 

Remark 3.2 The function f in the lemma [0] is defined on the space (0, oo) x (0,oo) and not 
on (0, cxd) X [— vr, vr] as a radial function (i.e. a function which does not depend on the variable 
e) on SL(2,M) should be. 

Proposition 3.3 We have for t > 0,r > 0, z £ [—it, vr], 

1 1 /•+°° {y-i^)^ 

Pt{r, z) = j= / e 4t st{cosh r cosh y)dy 

2 ^/4^Tt J-oo 

1 e~* arch^ (cosh r cosh y)-{y~iz)^ arch (cosh T cosh 1/ ) ^ 

2 (47rt)2 Vcosh^ r cosh^ y-1 

Proof. The second equality is just obtained by using the explicit value of st and shows that the 
integral is well defined since it is absolutely convergent. Now let 

1 1 /■+°° 

qt{r, z) = - / e 4* Sf(coshr coshy)(iy. 

2 V47rt J-oo 

By using the fact that 

o I e it \ a I e tt \ o i e it 

and 

d 

— (st (cosh r cosh y)) = (5^,, + 2coth2r5r + (1 — tanh^r)^^ (sf (cosh r cosh y)), 

a double integration by parts with respect to the variable y shows that 
dqt 1 1 /■+°° jy-^-)^ 



dt 2^/Wt 
where A3 = + 2 coth 2rdr — tanh^ rdf, „. 



iy — tz) 

e ~t A3 (st (cosh r cosh y) ) dy 

-00 



y,y 



6 



Now another double integration by parts in the variable y shows us that 

d 

—qt{r,z) = Lqt{r,z). 

Let us now check the initial condition. Let f{r,z) = e*™'^5((r) where m G Z and 5 is a smooth 
function. We have 

qt{r, z)f{r, z) ^™^ '^^ drdz 

r>0 J z=~TT ^ 

If f I G~~ + e~~ \ sinh2r 

S((coshr coshy)(7(r)e*™^ drdzdy 



2 Jr>Q Jz=~'!T Jy>0 \ VAttI 

and by integrating with respect to the z variable along a rectangle in the complex plane, we get 



e 4t 



e'^^^dz 



^~"^e-dz + 2(-ire-^ r '-—^sin(^^^^\e--du 



/47rt / Ju=o 47rt V 2i 

We can do the same for the other term and eventually obtain 
qt{r, z)f{r, z) sinh 2rdrdz 

st{cos\ir cosh. y)g(r) cosh(my)— drdy 




. ( 7r(y — u)\ . , , X / , ^ \ , X sinh 2r , , , 

sm smh(mujsf (cosh r cosh yjg(rj dudrdy 

A-Kt \ 2t J 2 

The term in the first line is equal to a(t)e*'^^ (/)(0) where I is the function l{r, y) = g{r) cosh(?7iy) 

and a{t) = J^^_^ ^^=e^'^^dz. By classical results on the heat kernel on M, a{t) tends to 
gimo _ -Rfhen t goes to 0. Similarly e*^2(l)(0) tends to Z(0). Therefore this term is converging 
to g{0) = /(0, 0) when t goes to 0. We can check the term on the second line is converging to 
when t goes to which gives us the desired convergence and ends our proof. □ 

Remark 3.4 It is not the way we used to prove it, but we have the following geometric inter- 
pretation for the sublaplacian: 

L = Ai + Z"^. 

Ai is, in fact, the Casimir operator Ai = + — (see 125]). As Ai is in the center of the 
envelopping algebra o/SL(2,M) (and if fact generates it), we have also the following geometric 
interpretation: 
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3.2 Asymptotics of the heat kernel in small time 

The goal of this section is to obtain the precise asymptotics of the heat kernel when t — > 0. We 
start with the points of the form (0, z) that lie on the cut-locus of 0. We restrict ourselves to 
the points with z > 0. For these points we have 



N 1 e P -w^ y 



1 e-* _£ /•+°° ^ y 

sinhy 

A computation of the integral is possible using residus calculus and gives the following: 
Proposition 3.5 For z G (0, tt] and t > 0, 



Pt{0,z) = 



therefore, there exists a constant C such that when t — 0, for z G (0, tt] 

Pt{0, z) = j^e — (1 + 0(e--)j 

By continuity of the heat kernel we obtain the value on the diagonal. 
Proposition 3.6 For t > 0, 

Now we turn to points of the form (r, 0) and give their asymptotics for the heat kernel. 
Proposition 3.7 For r > 0, when t ^ 0, 



/ N 1 1 r , . _^ 

Pt(r, 0)~- T-r-, — \ 76 4t . 

2 (47rt) 2 smh r \ r coth r — 1 

Proof. We have for r > 

1 e~* arch^ (cosh r cosh ;/)-i<^ arch(cosh r cosh y) 

> = 2'^J_^ ' " Vcosh^rcosh^y-^ 



dy 



We now analyze the above integral in small times thanks to the Laplace method. 
On R, the function 

f{y) = arch(coshr coshy))^ — y'^ 
has a unique minimum which is attained at y = and is equal to r^, at this point: 

/"(O) =2(rcothr- 1). 

The result follows by the Laplace method. □ 

The previous proposition can be extended by the same method when z / 0. Let r > 0, z G [— tt, vr] 
and consider the function 

f{y) = (arch(coshr coshy))^ — iv — iz)"^ 1 
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This function is well defined and holomorphic on the strip |Im(y)| < arcos ( ^.^sh r ) ^^'^ ^ 
critical point at i9{r, z) where 9{r, z) is the unique solution in (—arcos ( ^ ) , arcos ( ^0"^ r ) ) *o 
the equation: 

archfcosh r cos 6'(r, z)) 
"[r, z) — z = coshr sint^(r, z) — ^ 

cosh^ r cos^ 9{r, z) — 1 

Indeed the function 9 cosh r sin 9{r, z) ^^"^^("^"^^ ^ s{r,z)) continuous, strictly increasing 

Y cosh rcos^ 9{r,z)—l 

from —00 to 00 and with a derivative greater than 1. 

At the critical point, f"{i9{r, z)) is a positive and real number 



f"{i9{r,z)) 



^ sinh'^ r 
u{r, z)^ — 1 



n(r, z)archu(r, z) 
\/u{r, z)2 — 1 



with u{r,z) = cosh r cos 0(r, z) since u > —1. 
We may observe that z and 9{r, z) have opposite signs. 
By the same method than in the previous proposition, we obtain: 

Proposition 3.8 Let r > 0,z G [— vr, vr]. When t — > 0, 

1 arccoshu(r, z) A/vre ** sm^e(r,z) 



pt{r,z) 



sinh r j u(r,2:)arcoshn(r,z) ^ 4t 2 



with u{r,z) = coshr cos 9{r, z). 

Remark 3.9 According to Leandre results and ]19^ (see also 11 S]), the previous asymptotics 
give a way to compute the suhriemannian distance from to the point {r,9,z) G SL(2,M) by 
computing lim^^o ~4t lnpt(r, z). This distance does not depend on the variable 9 and shall be 
denoted by d{r, z). 



For z G [— vr, vr], 
For r > 0, 

For z G [— vr, vr] , r > 0, 



d^{r,z) 



d^{0,z) = 2vr 1 z 1 +z'^. 
d'^{r,0) = r^. 
{9{r, z) — z)"^ tanh^ r 



sin^ 9{r, z) 

From this remark we can get some estimates of the distance: 

Proposition 3.10 There exist two constants c, C > such that for all r > and z G [— vr, vr]; 

c{r^ + \z\) < d{r, z) < C{r^ + \z\). 
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Proof. For the right inequahty, as in our coordinates on the group SL(2, M), (r, 0, 0) * (0, 0, z) = 
(r, 0, z), we obtain by using the left invariance of the distance: d{r,z) < d(r, 0) + d{0,z). By 
combining it with the previous result, for all r > and z G [— 7r,7r], we get: 

d\r,z) < C{r^ + \z\) 

where C is a positive constant. 

Let us turn to the left inequality. Since {r,0,z) * (0,0,-2;) = (r, 0, 0), then d{r,0) — d{0,z) < 
d{r,z) and so the result is true in the region where > A\z\ with A big enough. 
Similarly, since (r, vr, 0) * (r, 0, z) = (0, 0, z) then d{0, z) — d{r, 0) < d(r, z) and the result is true 
in the region where \z\ > Br^ with B big enough. Now, consider the region {(r, z), < \z\ < 
Br^}. Since \z\ is bounded by vr, r is also bounded above on this region. Recall that 6{r, z) and 
z have opposite signs. Therefore 

ie{r,z)-zf , , 

sin 9[r, z) 

But as r is bounded above, there exists a constant c' such that tanh^ r > c'r^. So on this domain 
the expression of the distance gives: 

cV2(l + \z\) < d^{r,z). 

On this domain the function on the left side behaves like + \z\ and gives the result. □ 
The proposition 13.61 gives that the heat kernel satisfies the following ultracontractivity bound: 

PtM = \\Pt\U<^. (3.6) 
Now by using theorem 1.1 of Grigor'yan [15j, this leads to the following gaussian upper estimate: 



Proposition 3.11 For all e > 0, there exist two positive constants Cg and 5^ such that 

Pt{r,z) < Ce— -5— exp 



t2 -^y 4(l + e)t^ 

Now, let us have a look to the measure of the subriemannian balls. Consider the Riemannian 
metric obtain by setting that {X, Y, Z) is an orthonormal frame of the tangent space in each 
point. Call 5r the induced distance. By the very definition of the distances, it is clear that 
the subriemannian distance 6 is greater than the Riemannian one Sr, then B{g,p) C Bii{g,p) 
where Bji(g,p) is the Riemannian ball of center g and radius p and B(g,p) the subriemannian 
one. Moreover, in our case the canonical Riemannian volume measure is proportional to the 
subriemannian invariant measure p. Note that, as we are on a left-invariant Lie group, the Ricci 
tensor is the same in each point and therefore bounded from below by a constant —K with 
K >0. 

Therefore, for all g E SL(2,M) and all p > 

p{B{g,p)) < p{BR{g,p)) < Ciexp{C2p) 
for two positive constants Ci and C2. 
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3.3 From §L(2,M) to Heisenberg 

Let us first recall some basic properties of the three-dimensional Heisenberg group (see by e.g. 
[7], [3] and the references therein): H can be represented as endowed with the polynomial 
group law: 

ixi,yi,zi){x2,y2,z2) = (xi + X2,yi + 2/2,^1 + Z2 + xiy2 - X2yi). 
The left invariant vector fields read in cylindric coordinates {x = rcos6,y = rsin^): 

^ d sinO d „ d , „, 

X = cose- rsin^— 3.7 

or r oO oz 

. n d cos9 d _ 9 ^, 

Z = |. (3.9) 

And the following equalities hold 

[X,Y] = 2Z, [X,Z] = [Y,Z]=0. 

We denote 

Z = + y2 

and 

r{fj) = {xff + {Yff. 

Due to Gaveau's formula (see [I?], [I3]), with respect to the Lebesgue measure rdrdOdz the heat 
kernel associated to the semigroup {Pt)t>Q = (e*^)t>o writes 

1 r+00 ., \ 2 



ht{r,z) = / e-— — e"^™™dA. (3.10) 

Ibvr^ J-oo smhAr 

Prom a metric point of view it is known that the Heisenberg group is the tangent cone in the 
Gromov-Hausdorff sense. This means that balls of radius R for a dilating distance on SL(2,M) 
are getting closer and closer in a certain sense of the balls of the same radius R of the Heisenberg 
group. For a precise statement of it, see Mitchell theorem [23] (see also [7j). Here we will see 
some more precise results. 

First, in our setting, the dilation of SL(2,M) towards the Heisenberg group can be seen at the 
level of differential operators. 
Indeed through the map 

SL(2,]R) ^ M 
exp(r(cos + sin^y)) exp {r,6,z) 

we can see the vector fields X, Y and Z of SL(2, M) as first order differential operators acting 
on smooth functions on the Heisenberg group whose supports are included in the box [0, 00) x 
[0,27r] X [-7r,7r]. 
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Let us now denote by D the dilation vector field on H given in cylindric coordinates by 

9 ^ d 
D = r— + 2z— 
or oz 

For c > 1 we denote by X'^, and Z"^ the dilated vector fields 

X" = -^e-^^'^'^Xe^^'"'^, 

Vc 

In the cylindric coordinates of the Heisenberg group, we have 



c dr c 



so that the dilated vector fields are well-defined on the box [0, oo) x [0,27r] x [— y/cn , y/cn]. 
Consequently, if / : H — >^ R is a smooth function with compact support, we can speak of X^f, 
y^/, and Z'^f as soon as the dilation factor c is big enough. For the dilated sublaplacian 

In eD^gi In CD 

C 

= {X^f + {Y^f 
the same remarks hold true. 

With these notations, the operator analogue of the convergence of dilated SL(2,M) to H is the 
following: 

Proposition 3.12 If f : M ^ M is a smooth function with compact support, then, uniformly, 
lim,^+oo ^7 = Xf, hme^oo Y'^f = Yf, lim^^^o ^7 = Zf, lim,^^ L^f = Lf. 

As a corollary, we obtain the following: 



12 



Corollary 3.13 Uniformly on compact sets o/lR>o x M, 

d{Vtr,tz) 

where tie is the Carnot-Caratheodory distance of the point (r,6,z) to the origin in H. 
Now we can prove the stronger result for the diffusions. 
Proposition 3.14 Uniformly on compact sets o/IR>o x M, 

lira t'^Pt{Vtr,tz) = hi{r,z) 

The computations to prove this result are based on the explicit formula for pt and are very 
closed from the ones done in [8] on the group SU(2) for the same result, and therefore the proof 
will be omit. 

4 Some functional inequalities for the heat kernel 

In this section we will obtain some functional inequalities for the heat kernel and in particular 
some gradient bounds for the heat kernel. Let us recall that 

L = + y2 

with 

[X, Y] = 2Z, [X, Z] = 2Y, [Y, Z] = -2X. 

Since we will use it a lot in the sequel we introduce the following notations (see [1], [2]). For / 
and g smooth functions on SL(2,R), let 

T{f,g) = ^{Lifg)-fLg-gLf) 

and 

T2{f,g) = l{LT{f,g) - Tif,Lg) - T{g,Lf)). 
In the present setting, we obtain 

r(/,/) = x2 + y2 

and 

T2if, f) = {X^ff + {Y^ff + \ {{XY + YX)ff + 2{Zff - 4r(/, /) - 4(X/)(yZ/) + \{Yf)(XZf). 
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4.1 r2 radial 

In this section, we will express the T and the r2 of a smooth radial function / (i.e. that only 
depends on the variables r and z). 

r,/,/,.(|f)%.„.v(|)\ 

and 

^^■^'■^"^ (sr^) ~'~ ( sinh 2r (9r ^ dz'^^ ~^ ( cosh^ r (Jz ~'~ ^ drdz^ 

Thus, we obtain that for a smooth radial function /, T2{f,f) > 0. This is an interesting fact 
which may be surprising if we think that this subelliptic SL(2,M) is the subelliptic model space 
with negative curvature. 

4.2 A first gradient bound 

Proposition 4.1 Let f : SL(2,R) -^R be a smooth function. For t > and g G SL(2,R), 
r{Ptf, Ptf){g) < A{t) I [ fdfi -If /d/i^ I 

WSL(2,M) yJSL(2,R) J I 

where 

4 Ot JsL{2,R) 

Proof. The proof is exactly the same as the one on the SU(2) group and on the Heisenberg 
group (see [3] and [8]). □ 

Remark 4.2 Due to the use of the Cauchy-Schwarz inequality in the previous proof, we see that 
the previous inequality is sharp. 

We now study the constant A{t). 

Proposition 4.3 We have the following properties: 

• A is decreasing; 

• A{t) ~(^o 

• A{t) ~t^+oo frrp-- 

Proof. Let us first show that A is decreasing. We have: 

A'{t) = - [ T2{pt,Pt)d^l. 

JSL(2,R) 
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Since pt only depends on (r, z), T2{pt,Pt) > and thus A'{t) < 0. 
We can now observe that, due to the semigroup property, 

pfdn = p2t{0) 



Isi 



'SL(2,] 

and 



(47rt)2 sinhy 64*2' 

□ 



4.3 Li-Yau type inequality 



We now provide a Li-Yau type estimate for the heat semigroup. This inequahty appears in [5] 
but all its consequences do not appear in this paper. The idea of its proof is close to the one 
done in ^ for elhptic operators. Let us recall it: 

Proposition 4.4 For all a > 2, for every positive function f and every t > 0, 

r(i„ P,/, + 'Az >„ P,ff < + ' ) ^ + » + + (^1. (4.11) 

a \ a — 1 la ) Ftf a a — 1 4(q: — 2) t 

Let us denote 

, , , 3a — 1 t 

a — 1 2a 

and 

Ig 4(3.-1) (3«- If 1 

^ ^ a a-1 4{a-2) t 

A(t) and B{t) here are always non negative. For t small, A{t) is of the order of a constant and 
B{t) is of order of j. 

For, t big, one can choose a = t and get both A{t) and -B(t) of the order of a constant. 

Remark 4.5 can 6e shown that with this choice a = t, the constants A{t) and B{t) are of 
the best order possible in the differential system that appears in l^. 

As a direct corollary of the Li-Yau type inequality of proposition 14.41 we classically deduce (by 
integrating along geodesies) the following Harnack type inequalities: 

Proposition 4.6 There exist two positive constant Ai and A2 such that for < ti < t2 < 1 
and 51,52 G SL(2,M) 

"'M^fiiy^JAjJS^) (4.12) 



Pt2{92) \tlj V t2-tl 

and there exist two positive constants A\ and A2 such that for 2 < ti < t2 and 51,52 £ SL(2, 



< exp (ii(t2 - ti)) exp (^i2^|^^) (4.13) 



Pt2{92) 

where ^(51, 52) denotes the Carnot-Caratheodory distance from 51 to 52. 
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As another corollary of the Li-Yau inequality, we can also prove the following global estimate: 
Proposition 4.7 There exists a constant C > such that for t £ (0, 1), r > 0, z £ [—it,tt], 

^Tilnp,)ir,z)<c(^^ + l=y 

and there exists a constant C > such that for t > 2, r > 0, z £ [— tt, it], 

Vr(lnp,)(r,.)<C'(^ 



+ 1 



Proof. The proof is the same as on SU(2) (see [8j) since it is only based on the preceeding 
Harnack inequalities and the positivity of the r2 of a radial function. The only difference is that 
in the second point we have to use the Harnack inequality (j4.13p in big times. □ 

4.4 The reverse spectral gap inequality 

As in the Heisenberg group case and in the SU(2) case (see [3j and [8J), we can easily obtain 
a reverse Poincare inequality with a sharp constant for the subelliptic heat kernel measure on 
SL(2,M). 

Proposition 4.8 Let f : SL(2,M) ^ R be a smooth function. For t > and g G SL(2,M), 

mf,Ptf)ig) < C{t) {Ptf\g) - {Ptf?{g)) 

where ^ ^ 

^^^^ = / Pt^nptdfi. 

^ JsL(2,M) 

Proof. As before, the proof is exactly the same as on Heisenberg and on the SU(2) group (see 
[3] and [8]). □ 

Remark 4.9 Due to the use of the Cauchy-Schwarz inequality in the previous proof, we see that 
the previous inequality is sharp. 

We now study the constant 

I d f 

= ~o757 / Pt^nptdfj,. 

^ Ol' JSL(2,R) 



Let us recall: 

I ^{Pt,Pt) ^^ ^ f T {In pt, In pt)ptdp. = - [ \nptLptdp = [ ptlnptdp,. 

^SL(2,R) Pt JSL(2,R) JSL(2,R) Ot JsL(2,R) 

Proposition 4.10 We have the following properties: 
• C is decreasing; 
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. C{t) ~i^o i; 

Proof. Let us first show that C is decreasing. After some computations, we obtain: 

C'{t) = - T 2{ln pt, In pt)ptdfi. 

JSL(2,IR) 

But now, let us observe that pt only depends on {r,z). Therefore T2{lnpt,lnpt) > and thus 
C'{t) < 0. 

We now study C{t) when t ^ 0. The idea is that, asymptotically when f — > 0, the constant C{t) 
has to behave like the best constant of the reverse spectral gap inequality on the Heisenberg 
group (see the Section r3.3p . From |3], this constant is known to be 1/t. This is also the case for 
SU(2) (see 0). Let < t < 1 we have: 



iC{t) = ^ PtT{lnpt,lnpt)diJ, 
^ JSL(2,M) 

^5/2 J — pt{Vir, tz)T{lnpt, liipt){Vir, tz)drdz 



r>0 J z 



t 



Now, by using the result of Section \3.3\ we easily obtain that, uniformly on compact sets, the 
following convergences hold 

o/2sinh2A/tr r- 
lirni ' pt[\'tr,tz)=ni[r,z)r 

Yim tT {In Pt, In pt){Vir,tz) = t{lnhi){r, z), 
where ht{r,z) and T are defined in Section [331 (see [3.101 13.71 13.8p . 

So we obtain the desired convergence on any compact subsets K = [0,R] x [— ^, that is 



^ '•^ ./2sinh2Vtr , r- , r n , , rR rA 

t ' pt[Vtr,tz)T(lnpt,inpt){\'tr,tz)drdz 



hi{r, z)T(\nhi){r, z)rdrdz. 



J-A ^ JO J-A 

Now we have also to control the integrand on the outside of the compact K. Thanks to Propo- 
sition [521 there exists a constant C > such that 

tT{\npu\npt){Vtr,tz) < C [l + ^(^'^^) ^ , ie(0,l). 

and thanks to proposition 13.111 there exist two constant Ci, C2 > such that 

t^Pt{Vir,tz) <Ciexp{ -C2- ^ ' ' 



t 

Also we have: 

shih2\/tr n 
< e . 



Vt 
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Eventually, the estimates of the distance of proposition 13.101 show that the integral outside the 
compact is going to 0. Therefore: 

limtC{t) = - I hi{r,z)t{\nhi){r,z)rdrdedz. 



□ 



This last expression is equal to 1, according to [3 



Remark 4.11 We can ask about the behaviour ofC{t) as t goes to infinity. By using proposition 
\4-4\ its notation, for a positive function f , 

Pt{f)T{lnPtf)dfi<B{t) I fdfi. 

By taking f an approximation of the unity, we obtain: 

C{t) < B{t). 

And so for big t, C{t) is less than a constant we can compute. 
4.5 Some isoperimetrics inequalities on SL(2,]R) 

We can now recover some isoperimetric results from the Li-Yau inequality. We use methods of 
Varopoulos and Ledoux (see [27] and [20]). First we set: 

Proposition 4.12 There exists C such that for every smooth function f on SL(2, M) and every 
< t < 1, 

||^/f7l7||oo<^||/||oo. 

There exists C such for every smooth function f on SL(2,M) and < t < 1, 

||/-^'J||i<c"y^|lA/r7lli. 

Proof. Indeed, for the first point, the Li-Yau inequality gives for < t < 1 and / a positive 
function: 

L{Ptfr < jPtf. 

By integrating against fi and noticing f L{Ptf)dfi = 0, we get 



i J \L{Ptf)\df, fdfi. 



Then WLPtfWi < ^||/||i, and since LPt is self-adjoint, by duality ||LPJ|U < ^H/Hoo- By 
pluging-in this result in the Li-Yau inequality 



which implies the first result. 



rpj<y||/||ooPt/ 
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For the second point, let / and g be two smooth functions, 

Jg{Ptf-f)df, = 1^ I gLPsfdfids 







Since T{Psg, f) < ^/VP^^/Vj , by the first point, we have 

I j g{Ptf-f)df,\ < C\\g\\oo 1^ ^ds J ^/ffdf, 
= 2CVi\\g\\ooJ V^d^i. 

By letting g tend to sign{Ptf — /), we end the proof. □ 

And actually these last results will enable us to obtain some isoperimetric inequalities on small 
sets. For A and B measurable sets, let us denote 

Kt{A,B) = I Pt{lA)df^. 
Jb 

It is easy to see that 

Kt{A,A^) = ^x{A)-Kt{A,A) 

and 

Kt{A,A) = \\Pt_lA\\l 

We have the following proposition: 

Proposition 4.13 Let A he a measurable set o/SL(2,M) which is a Cacciopoli set and call 
P{A) its perimeter (see and the references therein to see their definition in our context) 
then 

Kt{A,A^) < 2CViP{A). (4.14) 
Now assume also ij-{A) is small enough, then 

fi{A)^ < CP{A) 

for some positive constant C and Q = 4 stands for the homegenous dimension of the group. 

Proof. Let ^ be a measurable set of SL(2,M) and let / and g be two smooth functions which 
aproximate respectively 1a and 1a<= and with H^Hoo < 1- Then the quantity / g{Ptf — f)dn 
converges towards Kt{A, A'^) and as before 



J g{Ptf-f)dfi < |Mloo||^'t/-/||i 
< 2CVi J y^dn 
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As it is well known, we can choose / such that / \/Tfdfj, tends towards P{A) (see theorem 1.14 
of [H]), so we obtain 

Kt{A,A'') < 2CViP{A). 



Therefore, 



p(^)>^(M^)-||p.U||i). 



2 



Using the ultracontractivity in small times, we get ||i-t/||oo < ^^ll/l|i and by interpolation 

l|f'./l|2<#ll/lll,SO 

p(A) > ^M^) (i - -Sy^f ■ 



.2) 



Now we will have to optimize the function of t on the right-hand side. We see this function 

2. Q-l 

attains a positive maximum for t of the order ^{A) Q which has value of order Q . □ 

Remark 4.14 In all our previous results, we can give an explicit bound on the constants that 
appeared from the constant that appeared in the Li- Yau inequality \4-ll 



Remark 4.15 It is known that the result of proposition U^TS\ is true for all sets (see theorem 



7.5 of 110] and note that the space SL(2,M) has constant curvature R = — Ij. It seems that the 
proposition \4-4\ f'^f from being optimal in big times. 
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